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For qudits of odd-prime dimension, contextuality is necessary for quantum computation – i.e.,
states which do not exhibit contextuality with respect to stabilizer measurements cannot be used
for magic state distillation. But is contextuality sufficient? Here, we show that, for any distillation
protocol based on a finite stabilizer code, there exist bound states that are not useful for magic state
distillation despite exhibiting contextuality.
I. INTRODUCTION AND SUMMARY OF
RESULTS
Is there a characteristic feature of quantum mechan-
ics responsible for the power of quantum computation?
What are the minimal conditions that must be met to
physically construct a large-scale fault tolerant quantum
computer? Magic state distillation [1] (MSD) is a promis-
ing approach to fault-tolerant quantum computation that
provides a natural framework to answer both these ques-
tions. In particular, by applying MSD to qudits [2–4],
Howard et al. [5] identified contextuality – an abstract
generalization of non-locality [6, 7] (see also, e.g., [8–13])
– as a necessary resource for quantum computation. But
is contextuality also sufficient? Here, we show that, for
any MSD routine based on a finite stabilizer code; there
exist bound states that exhibit contextuality but are use-
less for magic state distillation. Our result implies that
contextuality is not a sufficient condition for quantum
computing, at least for finite MSD protocols.
In the magic state model [1], we begin with a fault-
tolerant quantum computer that is only able to im-
plement Clifford unitaries [14], and initialize and mea-
sure qubits or qudits in the computational basis. Via
the Gottesman-Knill theorem [15, 16]– or discrete phase
space for qudits [17] – a quantum computer subject to
these limitations can be efficiently classically simulated.
Hence we need to supplement our fault-tolerant quantum
computer with an extra ingredient, which, in the magic
state distillation model, is the ability to initialize qubits
or qudits in certain non-stabilizer states known as magic
states. Using these magic states one can implement one
or more non-Clifford gates, such as the pi/8 gate gener-
alized to qudits [2, 18, 19], via state-injection, to achieve
universal quantum computation.
Preparation of non-stabilizer states is expected to be
error-prone, so, our quantum hardware is assumed to
only possess the ability to prepare magic states with low
fidelity. Crucially, however, it is possible to produce a
magic state with arbitrarily high fidelity, starting from
many low-fidelity magic states using certain protocols
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consisting of only Clifford operations and stabilizer mea-
surements. A variety of protocols exist (e.g., [1–4, 20, 21])
all of which take the form of a stabilizer reduction [22].
For any given protocol, there exists a minimum threshold
fidelity (or, more generally, a finite “distillable” region in
the space of density matrices) for input states that is re-
quired for the protocol to be successful. Input states not
meeting this requirement are known as bound states [23],
and are useless for producing pure magic states using the
given protocol.
Classical simulability places a theoretical limit for
the threshold fidelity of a magic state distillation rou-
tine. The Wigner polytope – the convex region of state
space consisting of density matrices with positive discrete
Wigner functions [24–26] – denotes the region of qudit
states for which Clifford operations are classically simu-
lable, and states inside this polytope are therefore useless
for magic state distillation [17]. Hence, any potentially
useful input states for a magic state distillation routine
must lie outside the Wigner polytope. As argued in [5],
the set of single-qudit states which lie outside the Wigner
polytope are precisely those states that display contex-
tuality with respect to stabilizer measurements [27] – as
witnessed by the exclusivity graph [9] shown in Figure 1.
If contextuality is indeed sufficient for quantum com-
putation, then one might hope that a magic state distil-
lation routine exists with a threshold tight to the Wigner
polytope, i.e., which is able to distill pure magic states
from input qudits in states so impure they lie just outside
the Wigner polytope.
Below, we show that, for any magic state distillation
routine based on an N -qudit stabilizer reduction, there
exist bound states outside the Wigner polytope that are
useless for magic state distillation. These bound states
exist only near a single face of the Wigner polytope and
not near edges (intersections of multiple facets). Our
result is depicted schematically in Figure 2.
The remainder of the paper is as follows. In section
II, we present a canonical form for qudit stabilizer reduc-
tions. In section III, we reformulate magic state distilla-
tion in the language of discrete phase space and present
simple algorithms for simulation of magic state distilla-
tion routines. Finally, in section IV, we use the results of
the previous two sections to prove the existence of bound
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2FIG. 1. The exclusivity graph [9] constructed by
Howard et al. [5] that serves as a witness for contex-
tuality. Each of the 240 vertices represents a projector onto
a two-qutrit stabilizer state. Vertices representing orthogo-
nal projectors are connected by an edge. Two-qudit states
for which the sum of the expectation values over all projec-
tors exceeds the independence number of the graph, 27, are
incompatible with non-contextual hidden variables theories.
Any state of the form |ψ〉 ⊗ |Hi〉, where |Hi〉 is the candidate
magic state identified in [2] maximally violates this inequality.
states for any finite stabilizer reduction.
II. QUDIT STABILIZER CODES
We will consider qudits of dimension d, where d is taken
to be an odd-prime. The generalized Pauli operators X
and Z acting on qudits are defined as follows [28]:
X |k〉 = |k + 1〉 , Z |k〉 = ωk |k〉 (1)
where k ∈ Zd and ω = e2pii/d.
A multi-qudit Pauli operator acting on N qudits can
be specified by two vectors ~a and ~b with entries in Zp and
is defined to be an operator of the following form:
P (~a,~b) = Za1Xb1 ⊗ Za2Xb2 ⊗ . . .⊗ ZaNXbN . (2)
We combine these into a single symplectic vector:(
~a|~b
)
∈ ZNd ⊗ZNd . Two multi-qudit Pauli operators com-
mute if the following “symplectic inner product” of their
symplectic vectors vanishes:〈(
~a|~b
)
,
(
~a′|~b′
)〉
≡ ~a ·~b′ −~b · ~a′ = 0. (3)
Given any N -qudit density matrix ρ, we can define
a quasi-probability distribution known as the discrete
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FIG. 2. Illustrating our theorem using a planar slice of
qutrit state space. The light gray shaded region is defined
by convex combinations of the three eigenstates of the qutrit
Hadamard operator. The circular point is the magic state
|Hi〉[2], the triangles denote the two other eigenstates. The
the dark gray shaded region is the Wigner polytope, which
contains the maximally mixed state (black square) inside. For
any MSD routine there exists a region around each face of
the Wigner polytope of bound states which are useless for
magic state distillation despite exhibiting contextuality with
respect to stabilizer measurements, depicted as the red region
with dashed border facing |Hi〉. The other two boundaries of
the Wigner polytope in this figure are actually edges (inter-
sections of more than one facet) so they do not give rise to
bound states.
Wigner function W
(N)
ρ (~z, ~x) as in [17, 24, 26]. This is
done by first defining phase-point operators A
(N)
~u,~v acting
on N qudits as follows:
A
(N)
(~0,~0)
=
∑
~z,~x
ω−2
−1~z·~xP (~z, ~x)
A
(N)
(~u,~v) = P (~u,~v)A
(N)
~0,~0
P †(~u,~v).
The Wigner function is then defined as
W (N)ρ (~z, ~x) =
1
d2
Tr ρA
(N)
(~z,~x). (4)
If the density matrix is separable, ρ = ρ1⊗ρ2⊗. . .⊗ρN
the discrete N -qudit Wigner function can be written as
a product single-qudit Wigner functions:
W (N)ρ (~z, ~x) =
N∏
i=1
W (1)ρi (zi, xi). (5)
The set of single-qudit states with Wρ(z, x) ≥ 0 defines
a convex set called the Wigner polytope. The faces of this
polytope are defined by each of the phase point operators
via: Tr ρAz,x ≥ 0. As argued in [17], Clifford unitaries
and stabilizer measurements acting on states within the
Wigner polytope can be efficiently classically simulated.
All known MSD routines are stabilizer reductions,
which consist of projecting the N input qudits onto the
subspace of an N -qudit stabilizer code, and returning
one or more decoded logical qudits as output, possibly
preceded by twirling – the random application of one or
3more Clifford unitaries to impose convenient symmetries
on the input density matrices. As argued in [22], for any
magic state distillation routine that is not a stabilizer re-
duction, there exists a stabilizer reduction with equal or
better threshold fidelity.[29]
A stabilizer code that encodes a single qudit in N
physical qudits is defined by a set of N − 1 linearly-
independent commuting N -qudit Pauli operators, which
can be described by symplectic vectors, (~ai|~bi) for i =
1, . . . , N − 1. The subspace where each stabilizer has a
given eigenvalue λi = ω
si , defines the codespace. For
convenience, we assume each si = 0.
Let us combine all the symplectic into a matrix as fol-
lows:
M =

~aT1 | ~bT1
~aT2 | ~bT2
... | ...
~aTN−1 | ~bTN−1
 = (α | β) (6)
The condition that the stabilizers commute with each
other translates into:(
α | β)( βT−αT
)
= αβT − βαT = 0. (7)
Two different matrices M and M′ may describe equiv-
alent codes. Here, we consider two stabilizer codes to be
equivalent if they differ only by any combination of the
following procedures:
1. Exchange of qudit i with qudit j. This corresponds
to interchanging the ith and jth column of the ma-
trix α and the matrix β.
2. Raising a stabilizer to a non-zero power in Zd. This
corresponds to multiplying any row of both M by
a non-zero element of Zd.
3. Multiplying one stabilizer with another stabilizer.
This corresponds to adding one row of M to any
other row.
Note that using operations 2 and 3, we can also inter-
change any two stabilizers. This corresponds to inter-
changing rows of M.
Using these elementary matrix operations, it is easy
to see that we can put any (N − 1) × 2N matrix M =(
α | β) representing a stabilizer code with N−1 linearly
independent generators into a canonical form.
First invert α using elementary matrix operations
listed above, while simultaneously making the same op-
erations on the matrix β. Let the rank of α be n, and
define m = N − 1−n. In case α does not have full rank,
m 6= 0 and we will obtain a matrix of the form:
M′ =
(
1n×n A′n×m ~A
′
n×1 | B′n×n D′n×(m+1)
0m×n 0m×m 0m×1 | C′n×n E′n×(m+1)
)
.
(8)
Because the last m stabilizers must commute with the
first n stabilizers, the matrix C′ is a linear function of
the matrix E′. Since all stabilizers were assumed to be
linearly independent, this means the matrix E′ must have
full rank. We can thus use elementary matrix operations
to transform E′ to the form
(
1m×m ~C
)
, and then sub-
tract appropriate multiples of the final m rows from the
first n rows to put D′ in the form
(
0m×m ~B
)
. We are
now left with a matrix in the following canonical form:
Mcanonical =
(
1n×n A ~A | B 0n×m ~B
0m×n 0m×m 0m×1 | C 1m×m ~C
)
.
(9)
A is an n ×m matrix, B is an n × n matrix, and C is
an m × n matrix. ~A and ~B are n dimensional column
vectors and ~C is an m-dimensional column vector. The
condition that all stabilizers commute with each other
translates into the following two conditions:
C = −AT − ~C ~AT (10)
B+ ~B ~AT = BT + ~A~BT . (11)
These conditions can be used to solve for C and n(n −
1)/2 entries of B. We assumed each stabilizer has eigen-
value si = 0, but this can be relaxed by presenting non-
zero eigenvalues for each stabilizer in the above canonical
form.
We must also define logical Pauli operators, XL and
ZL. These operators must satisfy ZLXL = ωXLZL and
must also commute with all stabilizers of our code. The
allowed logical Pauli operators for a code represented by
Mcanonical are parameterized by (u, v) ∈ Zd ⊗ Zd.
(~aTL|~bTL) = u
(
0 −~CT 1| ~BT 0 0
)
+v
(
0 0 0| − ~AT 0 1
)
.
(12)
Let us make the convention that the operator defined by
(u, v) = (1, 0) is the a logical Z operator and the operator
defined by (u, v) = (0, 1) is the a logical X operator.
Alternative choices of XL and ZL can be obtained by
applying a Clifford unitary to the decoded qudit.
Note that, if the three vectors ~A, ~B and ~C are all
equal to zero, then the code is trivial: Projecting onto
the codespace of such a code is equivalent to simply pro-
jecting the first N − 1 qudits onto some stabilizer state,
and leaving the Nth qudit, which serves as the logical
qudit, unchanged.
III. SIMULATING MAGIC STATE
DISTILLATION IN DISCRETE PHASE SPACE
We now illustrate how finite stabilizer reductions can
be simulated in discrete phase space. For input states
within the Wigner polytope, this can be done using a
Monte-Carlo type algorithm. For arbitrary input states,
this can be done using an exactly algorithm in O(dN+1)
time.
4Let us review the argument of [17]. For Clifford oper-
ations and stabilizer measurements acting on states de-
scribed by non-negative Wigner function, classical sim-
ulation is possible thanks to the existence of a hidden-
variable model, in which the “ontological state” of the
system is described by a single point in discrete phase
space (~z, ~x) ∈ Znd ⊗Znd . Clifford unitaries act as symplec-
tic rotations and translations on the ontological state.
Measurement of a multi-qubit Pauli operator P (~a,~b) on
a system in the ontological state (~z, ~x) yields the deter-
ministic result ω~a·~x−~b·~z. It also acts on the ontological
state by a random translation in the direction (~a,~b).
A quantum state ρ corresponds to a probability distri-
butions over these ontological states given by the discrete
Wigner function W
(N)
ρ (~z, ~x). Assuming this probability
distribution can be efficiently sampled, which is the case
if ρ is separable, then the above construction naturally
gives rise to an efficient scheme for classical simulation.
A. Monte Carlo algorithm
Let us describe the Monte Carlo algorithm first, to
illustrate the classical simulability of states within the
Wigner polytope.
Our program takes as input a stabilizer code M and a
single qudit discrete Wigner function W
(1)
in (z, x), with all
positive entries. We then initialize a histogram h(z, x) =
0 and then repeat the following procedure a large number
of times to obtain W
(1)
out(z, x).
• We randomly choose a point (~z, ~x) in ZNd ⊗ZNd from
the separable probability distribution
W¯
(N)
in (~z, ~x) =
N∏
i=1
W
(1)
in (zi, xi). (13)
This can be done efficiently.
• Check if this point is in our code-space. This
amounts to checking if
M
(
~x
−~z
)
=
 s1...
sN−1
 (14)
If it is not in the code space then end this run
without updating the histogram. Here si ∈ Zd de-
termines which eigenspace of the ith stabilizer we
are projecting onto.
• If it is in the code space, then calculate zL and xL
as follows:
xL = ~bz · ~z − ~az · ~x (15)
zL = −~bx · ~z + ~ax · ~x. (16)
and increment h(zL, xL)→ h(zL, xL) + 1.
After this procedure has been repeated a sufficient
number of times, calculate the Wigner function of the
distilled state by normalizing h(z, x):
W
(1)
out(z, x) =
h(z, x)∑
u,v
h(u, v)
. (17)
B. Exact Algorithm
A simple exact algorithm would be to loop over all d2N
points in discrete phase space. For each point (~z, ~x), we
first check it is in code-space: if it is, we calculate xL and
zL and then update the histogram:
h(zL, xL)→ h(zL, xL) +
N∏
i=1
W
(1)
in (zi, xi). (18)
After completing this loop we normalize h(z, x) to obtain
Wout.
The above algorithm runs in O(d2N ) time. We can
reduce the complexity by observing that we only need to
enumerate the dN+1 points in the code-space, which can
be done as follows. The code space is the set of points
for which
M
(
~x
−~z
)
=
 s1...
sN−1
 . (19)
This equation representsN−1 equations in 2N unknowns
– hence the space of solutions is an N + 1-dimensional
linear vector space. For simplicity, let us assume each
si = 0. In this case, the N − 1 stabilizers of M along
with the logical Z and logical X operators are clearly
N + 1 independent solutions to equation (19), and form
a basis for the code space. Hence the code space can be
parameterized by:
(
~zC(~u, zL, xL)
~xC(~u, zL, xL)
)
=
(
MT
~az
~bz
~ax
~bx
) ~u−zL
−xL
 . (20)
Here ~u is an N − 1 dimensional vector parameterizing
the solution space along with zL and xL. In case si 6= 0
we would need to add a constant vector representing any
particular solution to equation (19) that can be obtained
using a generalized inverse of M to the RHS of this equa-
tion.
Note that this exact algorithm works even when Win
contains negative entries. In fact, this formulation of
magic state distillation is more general than the usual
formulation, since it also applies to “post-quantum” the-
ories that allow preparations of generalized states with
discrete Wigner functions that do not correspond to mix-
tures of quantum states.
5IV. IMPOSSIBILITY THEOREM
With the above ingredients in place, we can now
present our theorem. For ease-of-reading let us present a
special case of our main result, which is easily generalized
to our claimed theorem.
A very nice candidate for a magic state is the state
given by the following Wigner function:
W (z, x) =
{
ν (z, x) = (0, 0)
(1− ν)/(p2 − 1) (z, x) 6= (0, 0). (21)
where ν < 0. An example of such a state is |Hi〉 =
1√
2
(|1〉 − |2〉) for qutrits [2] for which ν = −1/3. Because
the discrete Wigner function has only one negative entry,
this state lies directly above a single face of the Wigner
polytope, and is therefore analogous to the |T 〉 state of [1]
which lies above a single face of the stabilizer octahedron.
It also maximizes the violation of the non-contextuality
inequality depicted in Fig 1.
Consider the state ρ obtained from mixing this state
with the maximally-mixed-state. By randomly applying
a Clifford operator of the form VF (i.e., applying ran-
dom symplectic rotations without any translation [30]),
any state can be put in this form. For such a state
ν ≡ Wρ(0, 0) is the only entry of the Wigner func-
tion which may be negative, and is a measure of its
fidelity with the magic state we want to distill. Any
magic state distillation procedure will induce a function
νout = f(νin), which is continuous.
By the usual argument of classical simulability, if νin >
0 then νout > 0 for any MSD routine. If a stabilizer
reduction has a threshold tight to the Wigner polytope,
we also require that νout < 0 if νin < 0. These results
imply that f(0) = 0 for any tight MSD routine.
Note that
νout = Wout(0, 0) =
∑
~u
W¯
(N)
in (~z
C(~u, 0, 0), ~xC(~u, 0, 0))
=
∑
~u
∏
i
W
(1)
in
(
zCi (~u, 0, 0), x
C
i (~u, 0, 0)
)
(22)
All entries of W
(1)
in are positive except one: W
(1)
in (0, 0) =
0. The only way νout can be equal to zero is if, for each
~u ∈ ZN−1d , there exists at least one value of i such that
both zCi (~u, 0, 0) = 0 and x
C
i (~u, 0, 0) = 0.
Let us denote ~u =
(
~w
~v
)
where ~w and ~v are m and
n dimensional vectors respectively. Using the canonical
form of the stabilizer code given earlier, we can calculate
that
(
~zC(~u, 0, 0)
~xC(~u, 0, 0)
)
=

1 0 0 0
AT 0 −~C 0
~AT 0 1 0
BT CT ~B − ~A
0 1 0 0
~BT ~CT 0 1

~w~v0
0

=

~w
AT ~w
~AT ~w
BT ~w + CT~v
~v
~BT ~w + CT~v

(23)
Consider a vector ~u for which ~w and ~v contain all non-
zero entries. For such a vector, the only value of i for
which both zCi and x
C
i could equal 0 is the last value. For
this we require that both ~AT ~w = 0 and ~BT ~w+ ~CT~v = 0.
It is easy to see that, for prime d ≥ 3, as long as ~A has
a single non-zero entry, we can always find a vector ~w
with all non-zero entries such that ~AT ~w 6= 0. Similarly,
if either ~B or ~C has a non-zero entry, we can find a pair
of vectors ~w and ~v, each with all nonzero entries, such
that ~BT ~w + ~CT~v 6= 0.
This means that, for νout = 0 we must require ~A = 0,
~B = 0 and ~C = 0. But, as mentioned earlier, this means
that the magic state distillation routine is trivial, and
νout = νin. So we have learned that there is no magic
state distillation routine (in the form of a finite stabilizer
reduction) that distills states tight to the A(0,0) face of
the Wigner polytope.
Let us now generalize the above argument. First, re-
strict our attention to states very close to any single facet
of the Wigner polytope, but away from an edge. By this
we mean states much closer to one facet than they are
to any other facet. For this family of states we can un-
ambiguously define ν to be the entry of the Wigner func-
tion smallest in magnitude. If ν is positive, the state
lies just inside the Wigner polytope; and if ν is nega-
tive, it lies just outside the Wigner polytope. Any MSD
routine whose threshold is tight or almost tight to the
Wigner polytope defines a continuous map on the space
of density matrices ρout(ρin) which will induce a conti-
nous function νout = f(νin) for our family of states. As
before, this function must have a fixed point at ν = 0, if
the MSD routine has no bound states outside the Wigner
polytope.
Our argument that f(0) > 0 above made no use of the
location of the single zero of the discrete Wigner function
W
(1)
in , nor of the symmetries obtained by twirling; so it
easily generalizes to the following statement. Let M be
any MSD routine based on finite stabilizer code. M maps
any state described by a non-negative discrete Wigner
function with W
(1)
in a single zero to a state described by a
discrete Wigner function W
(1)
out whose entries are all non-
zero and positive. In other words, M maps states which
6are on a single face of the Wigner polytope (but not an
edge) to states in the interior of the Wigner polytope. By
continuity, there must exist states just outside the face
of the Wigner polytope which are also mapped to the
interior. Such states violated a contextuality inequality
[5], and, in this sense, contextuality is not sufficient for
magic state distillation, for any finite number of qudits.
V. OUTLOOK
Let us briefly discuss the implications and limitations
of our theorem.
Our result is similar to [23] which demonstrated the
existence of bound states near a face of the stabilizer
octahedron for qubits, but it is important to note that
for qudits, our theorem applies to bound states near a
face of the Wigner polytope, which contains the stabi-
lizer polytope as a proper subset. Like [23], our proof
does not imply the existence of bound states near the
intersection of two or more facets; and indeed there do
exist magic state distillation routines for qutrits that are
tight to edges of the Wigner polytope [4].
Our proof does not rule out the possibility that the
threshold for magic state distillation can be made arbi-
trarily close to the the Wigner polytope by increasing the
size of the stabilizer code used. For any finite N , one can
define the region of state space UN that is “undistillable”
by all N -qudit stabilizer reductions. As N increases, UN
may decrease in size, and could conceivably approach the
Wigner polytope as N → ∞. Indeed, we are not aware
of any other natural candidate for U∞. If this is the case,
for any state ρ arbitrarily close to the Wigner polytope,
there would exist an N -qudit MSD routine (with N suf-
ficiently large) for which ρ is not a bound state; and in
this sense, contextuality may still turn out be sufficient
for quantum computation.
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